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Abstract 
Mathematical models of competing species defined by ordinary differential equations are considered to construct a model 
for analysing the spatial dimension of employment. Analysis of the points of equilibrium is given in an application of the 
model using data on employment in High Technology Sectors (HTS), for the period 1999-2008, for Greece. The findings 
suggest that there is tendency of movement in employees in HTS in Greece from the Attica region to the Rest of Greece. 
In the long-run equilibrium it was found that the employment in Attica will be between the levels of 2007 and 2008 while 
it will increase in the periphery of Greece. 
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1. Introduction 
In the last two decades a lot of work has been done in an effort to explain the mechanisms that 
generate patterns in spatial domains in economics and especially in the field of economic geography and 
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environmental economics (e.g. Fujita et.al. 1999, Krugman 1996, Xepapadeas 2010). In the present work an 
attempt has been made to develop a model to examine the spatial dimension of employment. More 
specifically, data on employment in Greece has been used in order to explain regional employment in High 
Technology Sectors (HTS), for the period 1999-2008. The model that was developed was based on a 
mathematical model from biology, of the growth of two species sharing a common environment. The original 
model focuses on biological phenomena and the object is to find out the long-run qualitative behaviour of the 
trajectories. In this paper we present a mathematical model with two regions i.e. the Region of Attica and the 
Rest of Greece and investigate the possible equilibrium points as well as their characterisation in terms of 
stability of employment in HTS. In Section 2, the mathematical model is developed for n regions and the 
application for the two-region case is also presented, in Section 3 the data used are described and the 
estimation of the model is presented and finally, Section 4 concludes.  
2. The mathematical model 
The mathematical model with n  regions with employment  is defined by the 




where  are functions of time. 
The rate of change  of employment  over the actual level of employment  is considered to 




An equilibrium point is characterized by the condition  In order 




The equilibrium points are characterized as stable on unstable by the behavior of the eigenvalues of 
the Jacobian matrix  
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Stability is ensured if all the eigenvalues have negative real parts. 
When examining the case of Greece, one has to take into account the fact that the Attica region 
accounts for a large part of the total population of the country. Employment in the Attica region was 35% of 
total employment, in 1999 with an increasing tendency up to 38% in 2011. This concentration in employment 
in the Attica region is more intensive when examining the employment in HTS; for the period examined the 
ratio of employment in HTS of the Attica region in respect to the employment in HTS in the total of the 
country varies from 47% to 49%, for the period 1999 to 2008, peaking in 2003 (Eurostat 2012). 
It was thought interesting to investigate this case of the employment in HTS in the Attica region and 
the ‘Rest of Greece’. Let  the employment in HTS in the Attica region and the ‘Rest of Greece’, 
respectively. 
 
 where  
  The possible equilibrium points are the points where . In 
mathematical biology where this model is widely used the equilibrium points correspond to the cases that both 
populations vanish ( ), one population vanishes (  or ) or there is peaceful co-
existence. The latter case is of interest in economics where the extreme cases are unlikely to occur. 
 
3. Numerical estimation of the coefficients. 
We shall consider now the case where we have data and we want to determine the coefficients  
and  so that the system (1) represents as accurately as possible this data set. Suppose that we have  
observations of each function  at times . Substituting this data for each differential 
equation of (1) we take  algebraic equations. Particularly, for the  differential equation the  algebraic 
equations that correspond to the times  for  are: 
 
 for .   
Now let  the value of the function  at time . These observations are known and we 
want to approximate them with the functions  that are not defined explicitly but as the solutions of 
a system of differential equations. In the mathematical literature this is the problem of parameter estimation in 
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ordinary differential equations (Williams et.al. 1993, Gonin et.al. 1989). It is common in economics to 
consider least squares approximation and in this case we have a nonlinear least squares problem that can be 
solved by an iterative method such as Gauss or Levenberg-Marquard. The difficulty is that the functions will 
be estimated by solving the system of ODEs. Rather than doing that we shall approximate the derivative by 
the finite differences then the problem becomes a linear multivariable least squares problem. 
 
Let the following central difference approximation to the derivatives 
 
  




Since the time in the data set is expressed in years . 
 
For the estimation of the coefficients the OLS method has been used with a data set on regional 
employment in HTS in Greece extracted from Eurostat, REGIO database (2012). The period that regional data 
on employment was available from 1999 to 2008. The coefficients were statistically significantly different 
from zero at 5% level of significance, serial correlation in the residuals was not present (Breusch-Godfrey 
Serial Correlation LM Test) and Radj2 was in the range of 0.55 to 0.60. 
 
The estimated coefficients are:  
 
   b1, b2 are the constant terms and aij are the coefficients of the regions; i,j=1,2; 1: Attica region, 2: Rest of 
Greece.  
 
The differential equations are solved numerically for these coefficients using the classical fourth 
order Runge-Kutta method (Butcher 2008) and the plots of the functions  as well as the actual 
values are given in figures 1 and 2 respectively. The phase diagram of  is also given in figure 3, 
where the initial condition and the path to equilibrium point is shown. 
The signs of a12 and a21 coefficients suggest that there is tendency of movement in employees in 
HTS in Greece from the Attica region to the Rest of Greece. The long-run equilibrium point is found to be: 
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This means that, in the long-run, the employment in Attica will be between the levels of 2007 and 
2008 (538,559 and 560,688, respectively) and increase in the periphery of Greece (it was 609,542 in 2008) 
(see figures 1 and 2).  
 
 
Figure 1. Data fitting and log-run equilibrium in employment in HTS in the Attica region 
 
 
Figure 2. Data fitting and log-run equilibrium in employment in HTS in the periphery regions 
 
 
Figure 3. The phase diagram  
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4. Conclusion  
 
Mathematical models of competing species defined by ordinary differential equations are considered to 
construct a model for analysing the spatial dimension of employment. Analysis of the points of equilibrium is 
given in an application of the model using data on employment in High Technology Sectors (HTS), for the 
period 1999-2008, for Greece. The findings suggest that there is tendency of movement in employees in HTS 
in Greece from the Attica region to the Rest of Greece. In the long-run equilibrium it was found that the 
employment in Attica will be between the levels of 2007 and 2008 while it will increase in the periphery of 
Greece. Further work will be pursued to model regional employment and employment in HTS with all the 
thirteen regions in Greece. Also, nonlinear least squares approximation will be used in order to fit the data by 
the solution of the differential equations rather than using finite differences to transform the problem into a 
linear one.  
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